ALMOST EVERYWHERE CONVERGENCE OF ORTHOGONAL 
EXPANSIONS OF SEVERAL VARIABLES 
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Abstract. For weighted L 1 space on the unit sphere of R d+1 , in which the 
weight functions are invariant under finite reflection groups, a maximal func- 
tion is introduced and used to prove the almost everywhere convergence of 
orthogonal expansions in /t-harmonics. The result applies to various meth- 
ods of summability, including the de la Vallee Poussin means and the Cesaro 
means. Similar results are also established for weighted orthogonal expansions 
on the unit ball and on the simplex of R d . 



1. Introduction 

Let S — {x : \\x\\ = 1} denote the unit sphere in R d+1 , where |ja;|| denote the 
usual Euclidean norm. For a nonzero vector v 6 let a v denote the reflection 

with respect to the hyperplane perpendicular to v, xa v := x — 2{{x , v) / \\v\\ 2 )v , 
x £ where (x, y) denote the usual Euclidean inner product. We consider the 

weighted approximation on S with respect to the measure hf.dui, where dio is the 
surface (Lebesgue) measure on S and the weight function h K is defined by 

(1.1) K{x) = J] \{x,v)\^, xeR d+1 , 

in which R + is a fixed positive root system of R d+1 , normalized so that (v, v) = 2 
for all v S and k is a nonnegative multiplicity function di->k„ defined on R + 
with the property that k u = k v whenever a u is conjugate to a v in the reflection 
group G generated by the reflections {a v : v € R+}- The function h K is invariant 
under the reflection group G. The simplest example is given by the case G = Z^ +1 
for which h K is just the product weight function 

d+l 

(1.2) h K (x) = H\x i \ K % Kl >0. 

1=1 

We denote by a K the normalization constant of h K , a^ 1 — J sd h 2 .(y)duj, and denote 
by L p (h 2 K ), 1 < p < oo, the space of functions defined on S d with the finite norm 

\\f\U,P ■■= (o« \f(y)\ p h 2 K (y)My)) 1/P , l<P<oo, 

and for p = oo we assume that L°° is replaced by C(S d ), the space of continuous 
functions on S d with the usual uniform norm ||/||oo- We consider the weighted 
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approximation in L p (h1). The case k = corresponds to the usual L p (unweighted) 
approximation on S . 

The homogeneous polynomials that are orthogonal with respect to h 2 K dio are 
studied by Dunkl f |13M14| : see ^S] and the references therein). They are called h- 
harmonics, since they satisfy many properties that are similar to those of ordinary 
harmonics. In particular, summability of /i-harmonic expansions has been studied 
in [23 El EZj and weighted approximation theory by polynomials in L p (hf.) has 
been developed in [291 I3U| . For the usual harmonic analysis and approximation on 
the sphere, see [5] El El EH an d the references therein. The study in the weighted 
case often becomes more difficult, since the orthogonal group acts transitively on 
the sphere S d but a reflection group does not. This happens to the case of almost 
everywhere convergence, which we study in this paper. 

Let d(x,y) = arccos(a;, y) be the geodesic distance of x,y £ S d . For the usual 
approximation on S d , the maximal function 

„.v . A . UxtfKefb)** 

(1.3) Mf(x) := sup V - 

o<0<tt Jd(x,y)<e auJ 

is a weak type (1,1) operator and it plays an important role in the study of almost 
everywhere convergence. As we will see, however, the straightforward extension 

M h f{x) = sup K — — 

0<f<- Jd( X ,y)<e h l(y) duj 

for the weighted L 1 functions is not the natural one for the weighted approximation. 
One of our main results is to introduce an alternative maximal function, making use 
of the weighted spherical means Tg studied in [3U], and show that it is weak type 
(1, 1) in a proper sense. The weak type inequality is then used to prove the almost 
everywhere convergence of the /i-harmonic expansions. In particular, as corollaries, 
our results show that the Poisson integral, the Cesaro means and the de la Vallee 
Poussin means of the /i-harmonic expansions all converge almost everywhere on the 
sphere for / € L 1 (/i^). 

Our main result also includes extension of these results to weighted approxima- 
tion on the unit ball B d = {x : \\x\\ < 1}, x € M. d , in which the weight function is 
of the form 

(1.4) W^(x) = hl(x)(l - IMI 2 )^ 1 / 2 , x G B d , 

where h K is a reflection invariant weight function on M. d and /i > 0, and to the 
weighted approximation on the simplex 

T d = {x G R d : X! > 0, . . . , x d > 0, 1 - \x\ > 0}, \x\=x x + ... + x d , 

in which the weight functions take the form 

(1.5) KA X ) = h l(V^, . . . , V^)(i - \x\r- 1 / 2 /^x 1 --- Xd , 

where fj, > and h K is a reflection invariant weight function defined on M. d , even in 
each of its variables. These include the classical weight functions on these domains, 
which are 

(1.6) W?(x) = (l-\\x\\ 2 y- 1 / 2 , xeB d , 
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on the unit ball (taking h K (x) = 1) and 

(1.7) =x1 1 - 1/2 ---x K d d - 1/2 {l-\x\) K *+ 1 - 1 / 2 , xeT d , 

on the simplex (taking h K (x) — Y\.i=i \ x i\ 2Ki an d K d+i = A 4 )- While the results on 
B d can be established easily using the corresponding result on S d , those on T d need 
more careful study. Our results on almost everywhere convergence appear to be 
new even for the classical weight functions. For d = 1, the two cases correspond to 
the Gegenbauer expansions and to the Jacobi expansions, respectively. 

The paper is organized as follows. The maximal function and almost everywhere 
convergence on the unit sphere are studied in Section 2. The results on the unit 
ball and on the simplex are studied in Section 3 and Section 4, respectively. 

2. Maximal function and almost everywhere convergence on S d 

2.1. Background. Let h K be the reflection invariant weight function defined in 
(|l.l(l . The essential ingredient of the theory of /i-harmonics is a family of first- 
order differential-difference operators, T>i, called Dunkl's operators, which generates 
a commutative algebra; these operators are defined by ( 13 ) 

Vif(x) = dif(x)+ V k J {x) ~ f [ Xav) (v,s t ), l<i<d+l, 

where ei, . . . , £d are the standard unit vectors of ]R d+1 . The ft,-Laplacian is defined 
by A/j = T>\ + . . . + T^d+i and it plays the role similar to that of the ordinary 
Laplacian. Let V d+1 denote the subspace of homogeneous polynomials of degree 
n in d + 1 variables. An /i-harmonic polynomial P of degree n is a homogeneous 
polynomial P € V d+1 such that A h P = 0. Furthermore, let Hi +1 {h 2 K ) denote the 
space of /i-harmonic polynomials of degree n in d + 1 variables and define 

{f,9)n-=a K l f(x)g(x)h 2 K (x)duj(x). 
Js d 

Then (P, Q) K = for P E H d+1 {h%) and Q e U d t\- The spherical /i-harmonics are 
the restriction of /i-harmonics on the unit sphere. It is known that dim7i^ +1 (/i^) = 
dim^ +1 - dimp^ with dim 7^ = C^ 1 )- 
The standard Hilbert space theory shows that 

oo 
n=0 

That is, with each / S L 2 (h 2 K ) we can associate its /i-harmonic expansion 

oo 

f(x) = Y / Yn(hl;f,x), xeS d , 

71=0 

in L 2 (h 2 K ) norm. For the surface measure (re = 0), such a series is called the 
Laplace series (cf. ^3 Chapt. 12]). The orthogonal projection Y n {h 2 K ) : L 2 (h 2 K ) i— > 
H d+1 {h 2 K ) takes the J form 

(2.1) Y n (h 2 K ;f,x):= [ f(y)P n (hl;x,y)hl(y)du J (y), 

Js d 

where the kernel P n {h 2 K ] x, y) is the reproducing kernel of the space of /i-harmonics 
7i d+1 (h 2 t ) in L 2 (/i^). The kernel P n (h 2 ;x,y) enjoys a compact formula in terms 
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of the intertwining operator between the commutative algebra generated by the 
partial derivatives and the one generated by Dunkl's operators. This operator, V K , 
is linear and it is determined uniquely by 

V K V*cPl V K 1 = 1, ViV K = V K di, l<i<d + l. 

The compact formula of the reproducing kernel for 7i^ +1 (/i^) is given by Q2fi|) 

(2-2) Pn(h 2 K ;x,y) = rt±^.V K [C^({;y))]{x), 

where, and throughout this paper, we fix the value of A K as 

(2.3) A '.= X K = 7k + ~~2~ With 7k = X! Ky - 

veR+ 

The function C„ (t) is the standard Gegenbauer polynomial, orthogonal with respect 
to the weight function 

Wx (t) = (1 -t 2 ) A ~ 1/2 , -l<t<l. 

If all k v — 0, V K becomes the identity operator and the above formula is the usual 
formula for the zonal polynomial. 

An explicit formula of V K is known only in the case of symmetric group S3 for 
three variables and in the case of the abelian group ■ In the latter case, V K is 
an integral operator, 

r d+l 

(2.4) V K f(x)=c K f(x 1 t 1 ,...,x d+1 t d+1 )T[(l + U)(l-t 2 l )^- 1 dt, 

where c K is the normalization constant determined by V K 1 = 1. If some Ki = 0, 
then the formula holds under the limit relation 

lim c A / f(t)(l - t 2 f- l dt = [/(l) + /(-l)]/2. 

A-*0 J_ 1 

One important property of the intertwining operator is that it is positive Q21|). 
that is, V K p > if p > 0. In fact, for each x £ K d+1 there is a unique probability 
measure fx x such that 

(2.5) V K f(x) = f f(y)dfi x (y) 

for each polynomial /. The measure fx x is compactly supported with supp/i^ C 
co{wx : w £ G}, the convex hull of the orbit of x under G. The intertwining 
operator plays an essential role for the weighted approximation by polynomials in 
L p (Ii^), as shown in [301, an d it is a ls° essential for the definition of our maximal 
function. 

2.2. Maximal Function. For the definition of our maximal function, we need the 
extension of the spherical means defined in |29j . These means are defined implicitly 
as follows: 

Definition 2.1. For < 6 < tt, the means Tg are defined by 

(2.6) c x f T K f(x)g(co S d)( S ind) 2X d0 = a K f MV K \g((x,-))]( V )h*(y)Mv), 

Jo Js d 

where g is any I/ 1 (wa) function and A = X K . 
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The weighted spherical means Tg are well-defined (jSDl)- In the case of the 
Lebesgue measure (that is, h K (x) = 1), K = and V K = id, the means Tg agree 
with the usual spherical means Tgf ' , 

T ef( x ) = ( 1 ff]d -i I f(v)Mv), 

a d -i(sm0) d J( x ,y) =cos e 

where Od-\ = J S d-i duj = 2it d / 2 /T(d/2) is the surface area of S"* -1 . The properties 
of the means Tg are well-known; see jSJOO], for example. The means Tg satisfy 
similar properties as shown in In particular, for / S L p (h 2 K ), 1 < p < oo, 

ovfeC(S d ), 

(2.7) \\Tg K f\\ K , p < \\f\\ K , p and lira i\\T 6 K f - f\\ KJt = 0. 

u — >0 

Let us also mention that if fo(x) — 1, then Tgfo(x) = 1. In particular, setting 
f(x) = 1 in (|2.(i|) gives the equation 

(2.8) a K [ V K \g((x,-))](y)h 2 K (y)My) = c* f g (cos 9) (sin 0) 2X d9 

Js d Jo 

for every g € L (u>x), which is a special case proved early in |26| . A more general 
result proved in |26| is the following formula 

(2.9) a K [ V K f(y)h 2 K (y)du = A K f f(x)(l - Wxf^dx, 

Js d Js d +! 

where A K is the normalization constant for (1 — ||x|| 2 ) 7,i_1 . The spherical means are 
used to define a modulus of continuity of /, which is used in turn to characterize the 
best approximation for polynomials. We use them to define our maximal function. 

Definition 2.2. For f G L 1 ^ 2 .), the maximal function Ai K f is defined by 

fn T£\f\(x) (sin <f>) 2X d<P 

(2.10) MJ(x) = sup J ° ' Z - 

o<e<ir J (sm4>) 2X d(j) 

Let c(x, 9) := {y £ B d+1 : (x, y) > cos 9}. Its restriction on S d , which we denoted 
by cs(x,ff), is the spherical cap centered at x. Let Xe denote the characteristic 
function of the set E. For < 9 < tt, let ge(t) = X[cos0.i] W t> e a function defined 
on [—1, 1]. It follows from the definition of Tg that 

cx f T£\f\(x)( S m<t>) 2X dct> = a K [ \f(y)\VMM)](v)hl(y)Mv)' 
Jo Js d 

On the other hand, it is easy to see that ge((x, •)) = Xc(x.e)- Hence, using the 
equation l|2.8|l . we have the following alternative definition of J\4 K f(x). 

Proposition 2.3. For f S L 1 ^), 

M K f(x)= sup ^ ^M^M 

o<e<7r J sd v K [xc(x,6)) (y) h l(y) duj (y) 

In the case of k = 0, V K = id; we see that M. K f reduces to the classical maximal 
function for |/|. In the case of G = Z d+1 , the formula of V K in l|2.4|l shows 
that 

V K [Xc(xfi)\ (y) = 0, if (x,y) < cos 9, 
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where x — (\x\\, . . . , \xd\)- Evidently, M K f(x) satisfies 

||M K /||oo < H/lloo, V/eC(5 d ). 

Our goal is to prove a weak type estimate for / £ In the following, the 

constant c denotes a generic constant, which depends only on the values of d, k and 
other fixed parameters and whose value may be different from line to line. 

Theorem 2.4. Let a > and f £ L 1 ^). Define c(a) = {x : M K f(x) > a}. 
Then there is a function w a (x) which is positive on c(cr) such that 

Xc((r)(x)w a (x)du < c f K ' 1 . 
S d a 

Proof. For each x £ c(a), there is a 9 such that 

l/(y)|K [Xc(x,fl)] (y)h 2 K (y)duj >a V K [xc( x .e)] (y)h 2 K (y)duj. 

Js d 

Assume that there is an x for which 9 > ir/N for a fixed N, say N = 20. Then 
J Q 6 '(sin(/)) 2A d(/> ~ Jq (sin (f>) 2X d(f). Since V K [xc(a;,e)] ( x ) < V^l = I, it follows from 
l|2^| that 

\M\hl(v)du> > f \f(y)\V K [ Xc(x<e) ] (y)h 2 K (y)dw 
Js d 

> o- / V K [xc(x,e)] {y)h 2 K {y)dw = a I (sin0) 2A # 



> ca I (sin (f>) 2X d(j) > ca dm 
Jo Js d 



> ca I Xc(a)(y)duJ, 
Js d 

which is the stated inequality. Hence, we only need to consider the case that 
< 9 < tt/N for N — 20. We use a covering lemma, which states that if E is 
a subset of S d and E is covered by a family of spherical caps {cs(x, 9)}, then a 
disjoint sequence cs(xj, 9j), j — 1,2,..., can be chosen from the family such that 
E C UjCs(xj, 59 j). Such a lemma is proved in exactly the same way that the similar 
lemma with the solid ball in M d is proved (see j^Sl p. 8]). Let cs(xj,9j) be the 
sequence for the set c(a). Then 

^2Xcs(x J ,W9 J )(x) > CXc( a )(x), X G S d , 

3 

where we have enlarge the sets from cs(xj,59j) to c$(xj ■, 109 j), so that the in- 
equality still holds and, furthermore, the enlargement means that the solid set 
c(xj,109j) D c(xj,59j), from which it follows that the solid set Ujc(xj ,109j) D 
c*(a), where 

c*(a) := {ry' : y' S c(«t), I - v(y') < r < 1} 

and v(y') — max{r : rx' £ Ujc(xj ,109j)} > 0. The enlargement ensures that 
v(y') > for all y' £ c(a). Thus, 



y ^2,Xc{x jl W9 j ){x) > CXc*(a)(x), X £ B d+l 

3 
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By it follows that for 9 < tt/20, 

V K [Xc(x.e)} (y)h 2 K {y)duj = c I (si 



s d 

we 

2X 



sm0) 2A c 



> c / (sin0) 2A d0 = c / V« [Xe(x,iO0)] (y)h 2 K (y)duj. 
Jo Js d 

Hence, by Fatou's lemma, it follows that 

- / [XcC^.flj)] (y)h 2 K (y)dw >ca y^V K [% c ( x loe,-)] (v) h l(y)du. 

3 Jsd Jsd 3 

By the integral representation of V K at l|2.5|l and Fatou's lemma, V K [x c (xj ,io8j)] (y) 
> V K J^jXcix^wej) (y)- Consequently, using the inequality Xcfe-.ioe,-)^) > 
c Xc* ((j){ x ) i we conclude that 

ll/IU,i>c" / V*[x*w]{v)hl{y)du 

J S d 

Xc » (cr) (x)(l-\\xf)^- l dx 



B d +i 
1 

d-1 



— ca r 

rl 



= C (7 



5 rf 







r^Xc-wfa'Xl-r 2 ) 7 " -1 * 



To complete the proof, we show that the inner integral is greater than w a {x')xc(a) (%') 
for a positive function w a on c(cr). By the definition of c*(a), if Xc(a)( x> ) — 1> then 
Xc*(er)( ra ') = 1 for 1 — w(ai') < r < 1, so that 

r d - 1 Xc .( CT )(«')(l-r 2 )^- 1 dr= / r^ 1 {1 - r 2 )^- 1 dr 

Jl-v(x') 

>c [ (l-ry*- l dr = c[v(x')}"<«. 

Jl-v(x') 

Let w a (x r ) — [w(x')] 7k . Then w cr (x') > for all x' € c(cr). This completes the 
proof. □ 

The inequality proved in the theorem is not the usual weak type (1,1) estimate 
because of the presence of w a and the fact that w a depends on /. Since ||M re /||oo < 
H/lloo, an ordinary weak type inequality would imply, by the Marcinkiewicz inter- 
polation theorem, that M. K f is of strong type (p,p). 

Corollary 2.5. For 9 > and x e S d , define 

= I S d fivW* [Xc(x,6)] (y)hl(y)duj 
J S dV K [x c (xM)](y)hl(y)dLj 

If f € L 1 (/i 2 ; ), then Mmg^o fg(x) — f(x) for almost every x G S d . 
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Proof. From the definition of T@f, an alternative definition of f$(x) is 

fn T^f(x) (sin <j)) 2X d<j) 

(2.11) = J ° * 6 , -. 

J (sin (j)) 2X d<j) 

Hence, it follows from 

fe(x) - f(x) = _ 

J (sm (py^dq) 

and the inequality (|2.7|l on T e K / that 

||/e-/lk P < sup \\T$f-f\\ KiP :=uj(f;6) K , p 
o<<t><e 

for 1 < p < oo. It is shown in 30, that uj(f;6) KiP -> as 6> -> for / e i p (/iD- 
In particular, it follows that /# — * / in L (/i^). The rest of the proof follows from 
the standard argument (see, for example, [23 p. 8]). We need to show that for 
/ S ^(h 2 ) and for almost every a; G 5 d , 



lim sup /e (a;) — lim inf fg (x) 



0. 



If 5 is continuous, flg(x) = 0. If g G then 

f \ / u ^ llslU.i 

Xc(<T)\y)Wcr{y)duJ < C , 

where c(cr) = {x : 2.M K g(a;) > a}. Since f2<7(x) < 2.M K g(a;) implies {x : fi<?(x) > 
<t} C c(ct), it follows that 

iuii 

X{n g (x)>a}(y)w<?(y)duj(y) < c- 



Igd a 

Every / S L x (h 2 K ) can be written as a sum of / = h + g with /i £ C(S d ) and 
||<7||k,i arbitrarily small. Since 0/i(a;) = 0, the above inequality implies that 
X{Qf(x)>a}(y)wcr(y) = almost everywhere for all a > 0. Since w a is positive 
on c(cr), hence positive on {a; : VLf(x) > a} — {x : flg(x) > a} C c(<r), it follows 
that flf(x) — almost everywhere. □ 

2.3. Almost everywhere convergence of /i-harmonic expansions. We will 

establish almost everywhere convergence for summation methods of /i-harmonic ex- 
pansions. In |3U] a convolution, *„, is defined for / e and 5 € [—1,1]), 



(2.12) (f* K g)(x):=a K f(y)V K \g({x,-))](y)h K {y)du. 

Js d 

If h K (x) = 1 (the usual surface measure), this is the spherical convolution in 10 . 
Because of (12.411 and (|2.2|l . a summation method for ^.-harmonic expansions can be 
written in the form of 

00 ■ . \ 

(2.13) Qrf(x) = (f* K q r )(x), q r (t) = VfliW^Cj"^ 

j=o Ak 

where <7 r is a function defined on [—1, 1], r is a parameter, and q r satisfies 

a K [ V K q r ((x,-))h 2 K (y)dLu = c x f q r {cos9){sm8) 2X d0 = 1, 
is d Jo 
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in which the first equal sign follows from 1)2.8(1 . The summation method Q r f(x) 
converges to f(x) in L p (h 2 K ) for 1 < p < oo and in C(S d ) if p = oo, as r — * ro, 
where ro can be infinity. 

Our goal is to prove the almost everywhere convergence of Q r f{x). The following 
is a theorem that holds under mild assumptions on the kernel function. 

Theorem 2.6. Assume that \q r (cos9)\ < m r (9) for some nonnegative differ entiable 
function m r on [0, tt] and m r satisfies 
(1) m' r {6) < for < 6 < n, 



(2) supc A / 
r Jo 



m r (6){sm 9) 2X d9 < oo, A = X K . 

Then for f G L l {hl) and all x G S d , 

sup\Q r f(x)\ < cM K f(x). 

r 

In particular, Q r f{%) converges to f(x) for almost every x G S d . 
Proof. Define 

A(9,x)= / T£\f\(x)(smct>) 2X d4>. 
Jo 

It follows from the definition of M. K f(x) and (|2.11l) that 

,9 

A(e,x)<M K f(x) / (sin^) 2 ^ 
Jo 

for all x G S" 1 . By the definition of T e K / and the fact that \T£f(x)\ < T£\f\(x) 



\Q r f(x)\ = c x 



^/(^(cos^Xsin^)^ 



< 



c x / T^|/|(a;)m r ( ( / ) )(sin^) 2A # 



Integrating by parts, we obtain 



|Qr/(aO| < CA 



A(7r,x)m r (7r) - / A(9,x)m' r (9)d9 



< c x M K f(x) 



m r (7r) / (sin0) 



771^(0) / (sin 



\2A 



since m^cos^) < 0. Integrating by parts again, we conclude that 

\Q r f(x)\ < MJ{x)c x f m r (9)(sin9) 2X d9 < cMJ(x), 



where c is independent of r. This establishes the stated maximal inequality, from 
which the almost everywhere convergence of Q r f(x) follows as in the proof of 
Corollary E31 □ 



Remark. From the proof it follows that we can replace the assumption on m{9) by 
supra r (7r) < c and supc> / \m' r (9)\(sm9) 2X d9 < c. 



We apply the above theorem to three summation methods for /i-harmonic ex- 
pansions. The first one is the analog of the Poisson integral defined by 



P r (f;x) = (f* K q r )(x), q r (cos9) = 



1 



(1 - 2rcos9 + r 2 ) x -+ 1 ' 
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for x E S d and r < 1. The kernel function of this integral is the Poisson kernel for 
the fo-harmonics, which is equal to Y^=o rn Pn(h%;x,y). It is proved in (HO] that 
P r (f;x) converges to f(x) in L p {h 2 K ) as r — > 1 — . 

Proposition 2.7. For f S L 1 ^), 

Um P r (f , x) — f (x) , a.e. on S d . 

r— >1 — 

Proof. Clearly m r (9) = q r (cos6) > and it is easy to see that m' r (8) < 0. Hence 
we can apply the theorem. In fact, in this case we have \P r (f, %)\ < ■M K f(x). □ 

Our second example is the de la Vallee Poussin means defined by 

n 

(2.14) M n {f,x) :=£>£ n Y n (/4;/,z) = (f* K q n )(x) 

k=0 

where 

A "! r(n + 2A + l) 

^" (n-fe)!r(n + fc + 2A + l)' ' 
Using the compact formula for the reproducing kernel and the formula for the 
Gegenbauer polynomials (see, for example, [3p. 11]), 

" n! r(n + A + l/2) fc + A . £(1/2) / 1 + t 

^ (n-fc)!r(n + fc + 2A+l) A fcU 2 2A r(A + 1) v 2 

the kernel function is given by 

. (2A + 1)„ /l + cos^V 1 (2A + 1)„ / 

*> (ooBtf) = (aTTT^ = (aTT72)^ v 2, 

where (a) n = a(a + 1) . . . (a + n — 1). Clearly m n {6) = q n (cos9) > and it is easy 
to see that m' n {9) < 0. Hence, we can apply Theorem 12. 61 to conclude that M n f(x) 
converges almost everywhere. 

Proposition 2.8. For f 6 L 1 (/i 2 ), the de la Vallee Poussin means M n f satisfy 
lim M n (f,x) = f(x), a.e. onS d . 

n — >oo 

For the ordinary harmonic expansions, this was proved in [5]. These means were 
introduced by de la Vallee Poussin for Fourier series, and they have been extended 
to various other series, such as Gegenbauer series and Jacobi series. See 0J EH] 
for further references. 

Our third example is the Cesaro (C, 8) means. For 5 > 0, the Cesaro (C, 5) 
means, s*, of a sequence {c„} are defined by 

/ n — k + S 



s n — i^n) 1 5^^n-fc c fci A n-k — 



n — k 

k=0 

We denote the n-th (C, d) means of the /i-harmonic expansion by S^{h 2 K \ f). These 
means can be written as 

Si(hl-J) = (/*„g£)(x), qi(t) = (Ai)^f2 A5 n-k^J^-^(t), 

fc=0 

where A = A K . The function q^it) is the kernel of the (C, S) means of the Gegenbauer 
expansions at x = 1. 
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I<?£(cos0)| <c 



In both of the above examples, the kernel functions, q r {t), are positive and we can 
apply Theorem 12 . 61 with m r (8) = q r (cos8). The Cesaro (C, 5) means are positive if 
S > 2A + 1. It is proved in that, for h K associated with every reflection group, 
S^(h%; f) converges to / in L p (hl) if S > 7 re + (d — l)/2 = X K . Here we have 

Proposition 2.9. For f E L 1 (/i^) and 5 > X K , the Cesaro (C,5) means satisfy 

lim S n (h 2 K ; f, x) — f(x), a.e. on S d . 

n — >oc 

Proof. It is known that the kernel is bounded by 

(n x - 5 (n- 2 + 02)(-A-«-i)/ 2) S<X + 1 

n^{n- 2 + 9 2 )- x -\ <5>A + 1 

(see, for example, [5]). Let m n {9) be the function in the right hand side of the above 
estimate. It is easy to see that m' n (9) is non-positive for < 9 < tt. Furthermore, 
it is not hard to see that L m n (9) (sin 9) 2X d9 is uniformly bounded. Consequently, 
we can apply Theorem 12. 61 to finish the proof. □ 

Let us mention that the index X K may not be the critical index for the (C, S) 
means. In fact, in the case of h K in i|1.2fl associated with 7i d+1 , it is proved in 
[T%| that the (C, 5) means S^(h 2 ;f) converges to / in ^(h 2 .) if and only if S > 
(d — l)/2 + — min^Ki; that is, the critical index in the case of G = "L d+l 
is A K — miuiKi. The above proposition shows that <S^(/i^;/) converges almost 
everywhere to / if S > A K . Naturally, we expect that X K — min^ Ki is also the critical 
index for the almost everywhere convergence. However, our method does not seem 
to be enough to prove such a result. 

3. Maximal function and almost everywhere convergence on B d 

Recall the weight function W^Ax) defined in (|1.4() . in which h K is an reflection 
invariant weight function defined on M. d . Let a KjM denote the normalization constant 
for W^. Denote by LP(W^), 1 < p < oo, the space of measurable functions 
defined on B d with the finite norm 

\\f\\w^,p ■= { a ^J Bd \f(x)\ p W^(x)d x y /P , 1 < p < oo, 

and for p — oo we assume that L°° is replaced by C(B d ), the space of continuous 
function on B d . 

Let V d (W^^) denote the space of orthogonal polynomials of degree n with re- 
spect to W^ft on B d . Elements of V d (W^ „) are closely related to the ft,-harmonics 
associated with the weight function 

h Ktl i(yi, ■ ■ -,yd+i) = K(yi, . . .,y d )\y d+1 \^ 

on R d+1 , where h K is associated with the reflection group G. The function h K ^ is 
invariant under the group G x Z2 . Let Y n be an /i-harmonic polynomial of degree 
n associated to and assume that Y n is even in its (d + I)-th variable; that is, 
Y n (x, x d +i) = Y n (x, -Xd+i). We can write 

(3.1) Y n (y) = r n P n {x), y = r(x, x d+1 ) e M d+1 , r = \\y\\, (x, x d +i) G S d , 

in polar coordinates. Then P n is an element of V„(W^„) and this relation is an 
one-to-one correspondence |27]. The intertwining operator associated with h Ktfl , 
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denoted by V^,^, is given in terms of the intertwining operator V K associated to 
h K and the operator Vjf 2 associated to h^(x) = |xd+i| M , % E R d+1 , which is given 
explicitly by (|2.4I) (setting K d +i = and Ki = for 1 < i < d). That is, 

V K ,„f(x,x d+1 ) = Cfi f 14[/(-,x rf+1 i)](a;)(l + t)(l-i 2 )^ 1 ^, 



where x E M. d . Since polynomials in V„(W^„) correspond to /i-harmonics that are 
even in the last coordinates, we introduce a modified operator 



( 3 - 2 ) V*f(x, x d+ i) := i [V K>fl f(x, x d+1 ) + V K ^f(x, ~x d+1 ) 



r-l 

V K [f(;X d+1 t)](x)(l - t^dt 

-1 

acting on functions defined on K d+1 . We use this operator to define a convolution 
structure, *^ „, for weight W^n on B d . 

Definition 3.1. For f E ^(W^^) and g E L 1 (wa+^), define 



(/<„ 9)W = / /WCsK 1 ' -))(^X M (2/)rfy, 



wftere A = A K , X = (x, y/1 - \\x\\ 2 ) and Y = (y, y/l - \\y\\ 2 ). 

The properties of this convolution can be derived from the corresponding con- 
volution / g defined in l|2.f 2JI (with respect to h K ^ instead of h K ). In fact, we 
have the following proposition. 

Proposition 3.2. For f E L X {W^) and g E L 1 {w x + tl ), 

(/*£„s)(aO = (F*w g)(x,^/l-\\x\\ 2 ), F(x,x d+1 ) = f(x). 
Proof. Using the elementary identity for P defined on S d , 

dx 



(3.3) / P{y)duj = P(x,^l-\\x\\2)+P(x,-^l-\\xP) 

JS d JB* 1 J V 1 _ \\ x \\ 

this is an easy consequence of the equation (|3.2I) . □ 

In particular, the above relation and Proposition 2.2 in [3U] shows that „ 5 
satisfies Young's inequality: 

Proposition 3.3. Let p,q,r > 1 and p^ 1 = r^ 1 + q^ 1 — 1. For / E L q (W^^) and 
g E L r (w\ +fl ; [-1,1]), 

ll/*K,Ai 9\\wB^p < ll/llw^glMU^.r, 

where \\ ■ \\ Wx+ , r denotes the L r (u'A+ A i, [— 1, 1]) norm. 

We now define the generalized translation operator on B d , which is an analog of 
the spherical means. It is defined implicitly via the convolution. 

Definition 3.4. For f E L 1 (14 y t f M ), the generalized translation operator Tg(Wj? „; /) 
is defined implicitly by 



(3.4) c x+ J T e (W*yJ,x)g(co S d)( S me) 2X+2 »d6=(f*^g)(x). 
Jo 

where A = X K , for every g E L 1 (w\+^). 
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For F 6 L^/j 2 . „), denote by Tg'^F the weighted spherical means associated 
with the weight function h K4i on S d+1 . 

Proposition 3.5. For each x € B d the operator Tg(W^',f,x) is a uniquely de- 
termined L°°(w\) junction in 0. Furthermore, define F(x,x d +i) = f(x); then 



(3.5) T e {W^ ll ;f,x)=T^F{X), X = (x, y/\ - ||a;|| 2 ), x e B d . 

Proof. For x € B d and (x, x^+i) € S d , using lj3.2J) and the fact that F(y,yd+i) = 
f(y) and h\ Ay, yd+i) are both even in yd+i, it follows from Proposition 13 . 21 and 
the definition of Tg '^ in Definition 12. II that 

I F{u)V^g{{X,-)){u)hl^{u)dLJ 



T^F{x,x d+1 )g(cos0)(sme) 2X+2fl d6. 



Comparing with the equation (|3.4|) gives (|3.5|) . It follows from (I3.5f) and the prop- 
erty of Tg :fJ " that Te(W^„; /) is an L°°(w\) function and it is uniquely defined. □ 

The properties of T e (W^; f,x) can be derived from those of Tg'^f proved in 
|3()j . In particular, it will allows us to define a modulus of smoothness. Since it will 
not be used below, we will not go into that direction here. 

We now turn our attention to the main focus of this paper, the almost everywhere 
convergence. First we define the corresponding maximal function. 

Definition 3.6. For f e L 1 (IF t f AI ), the maximal function M^^f * s defined by 

!"T^{W^\flx){s^cpf^dcp 



M K ^f(x) = sup 



/ Q (sin0) 2A «+ 2 ^(/> 



Since T$(W//-f) is related to Tg'^F, the maximal function A4^ „/ should be 
related to M. K ^f defined in Definition 12 . 21 with respect to h KtfJ ,. 

Proposition 3.7. For f e L X (W^) de fi ne F(x,x d+1 ) = f(x). Then 



(3.6) M B K J{x) = M^F(X), X = (x, y/l - ||z|| 2 ). 

Furthermore, define 



e(x,6) = {(y,y d +i) G B d+1 : (x,y) + y/l - \\x\\ 2 y d+1 > cos0, y d +i > 0}, 
then an alternative formula for M.^ „f is 

B M J* \f(v)\y^ [Xejx.e)} (Y)W^(y)dy 

M K ,,J(X) ^up^ J BdV ^[ Xe{xfi) ](Y)W^(y)dy ' 

Proof. The first equation is a direct consequence of the Proposition 13.51 and the 
definitions of the two maximal functions. To prove the second equation, by (13.01) 
and Proposition ^. 31 it suffices to show 

\F(u)\V K4l [ Xc( x.e)] («X»dw(u) - 2 / \f(y)\V^ [ Xe(a , e) ] (Y)W^(y)dy, 

S d JB d 

where c{X,6) = {(y,y d +i) : (x,y) + y/l - \\x\\ 2 y d+ i > cos0}. By (£3 and E3, 
it suffices to show 



[xc(x,9)] (y, V^W) = [ Xe(M) ] (y, VT~ h¥)- 
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Let e-(x,a) = {(y,yd+i) ■ (y,—yd+i) € e(x,a)}. By the definition of Vj 3 ^, it is 
easy to see that 

[Xe_(x,0)] (y,Vd+l) = Vk,ix [Xe(x,6)] (j/,-J/d+l)- 

Since c(X, 0) = e(x, 0) Ue_ (x, 8) and e(x, #)ne_(x, 6) has measure zero, the desired 
equation follows from the fact that V^nf(x, Xd+i) is an even function in Xd+i- O 

It should be mentioned that one could define M^f by without introducing 
Te(W^', /). We choose the longer way for the purpose of studying the situation 
on the simplex in the next section, where Tg(W^-, f) is needed. 

We note that the upper hemisphere S d pper — {x : \\x\\ = l,Xd+i > 0} is isomor- 
phic to the unit ball B d , since points in S d pper can be written as (x, y/1 — \\x\\ 2 ) 
with x G B d . In particular, if E is a set in S d pper , then it is isomorphic to the set 
cb(v) ={yeB d : (y, y d+1 G c(a)} in B d . 

Theorem 3.8. Let a > and f G L l (W^). Define c B (<r) = {x G B d : M^f(x) 
> <t}. Then there is a function which is positive on Cb(c) such that 

Xc B {<T){x)w a {x) = < c . 

B d v 1 - IfII 

Proof. Let F(x,Xd+i) = f(x) as before. By {£B), M^f(x) = M^F(X), 
where X = (x, ^/l — ||x|| 2 ), and the proof of Proposition 13.71 also shows that 
M^f(x) = M K ^F(X_), where X_ = (x,-y/l -\\x\\ 2 ). Let c(<r) = {(x,x d+1 ) : 
.A/f K F(x,x rf+ i) > cr} for (x,x d+ i) G S d . It follows that y Cb((J )(x) = Xc(a){ x ) and 
Xc B (a){x) = Xc(<t)(—X)- Let w a be a function that is positive on c(er). We define 
Wp(x) = w a (X) + Wcr(X-). Then w a is positive on Cs(cr). Hence, using (|3.3|) and 
the inequality with respect to h 2 K ll in Theorem 12.41 we get 

dx f 

Xc B {a)(x)wB{x)—==== I Xc B (<y){x)w<j{x,Xd+l)duj{x,Xd+l) 
B d VI - \\X\\ 2 JS d 

Xc(a){y)w a {y)dLo(y) 

s d 

. ||/IU, P ,i 

< ccr — = C(T — , 



which completes the proof. □ 

Just as in the case of the sphere, the weak type inequality of the maximal function 
M-x „f allows us to prove results on almost everywhere convergence for summation 
methods of orthogonal expansions with respect to Wjf „ on the unit ball. 

For / G L 2 (W^ fl ), its orthogonal expansion is given by 

oo oo 

L\W^) = ]T0 V d (W^) : / = Protf" /, 

n=0 ra=0 

where proj^ :Al : L 2 (W^ p ) i— > V„(W^„) is the projection operator, which can be 
written as an integral 

WO)^f(x) = a K ^ [ f(y)P n (W^;x,y)W^(y)dy, 

JB d 
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where Pn(W^„; x, y) is the reproducing kernel of V^(Wjf A It is known (|27J) that 

PnGC;*, y) = i [y„ (hl^ (x, v/i-lkll 2 ), (v, v 7 ! - II2/II 2 )) 

+ r„ x/T^NF), (y, -V±~ IMP)) 

Because of ()2.2|) and Q3.2[l . we have 

(3.7) /,*) = ^±^±£ ^[C'^+M((. > y))](X) 1 



where X = (x, yT — ||ie|| 2 ) and Y = (y, y/l — ||y|| 2 ). Hence, a summation method 
of the orthogonal expansions with respect to Wjf „ can be written in the form of 

/(x) = (f^QrM, q r (t) =E%( r ) I it 

The almost everywhere convergence of f(x) can be proved with the help of 
■M-k uf{ x )i j us t as m the case °f summability on the sphere. For example, there is 
an analog of Corollary 12. 51 Indeed, let 

Jo ( x ) = fl"^ j x £ B ; 

f Q (sin <j>)^+^d(j> 

then it is easy to see that fp(x) — Fg(X), where F and X are defined in Proposition 
1571 Consequently, by Corollary ff converges almost everywhere to / on B 
for all / € L 1 (M / t f /J ). Moreover, we have the following analog of Theorem 12.61 

Theorem 3.9. Assume that \q r (cos6)\ < m r (ff) for some nonnegative differ entiable 
function m r on [0, tt] and m r satisfies 
(1) rri r {6) < for < 9 < tt, 

[Z) supcA / m r (9){sm9) 2X+2 ' 1 d0 < 00, A = A K . 

r Jo 

TAen for f £ L^W^) and all x G B d ; 

suplQf/^l^cM^/Cx). 

r 

In particular, Qf, f(x) converges to f(x) for almost every x E B d . 

Proof. Using (|3.2() and l|3.3|) . it is easy to see that Qf f(x) — Q r F(x), where Q r is 
as in H2.13fl with h K-jl in place of h K . Hence, this is a corollary of Theorem l2.6l □ 

We can apply this theorem to various summation methods. For example, we can 
consider Pj 3 (f;x) := J2^=o rn Pn{W KllJt ; f) asr^ 1 — , which can be written as a 
Poisson type integral, 



(l-r(-,Y) + r 2 ) x + 1 



(X)W*(x)dx. 



Proposition 3.10. For f 6 LMyV^^, the Poisson summation with respect to 
lim P r B (/;x) = /(x), o.e. on B d . 



W/?„ satisfies 



n — >oo 
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The de la Vallee Poussin means and the Cesaro means are defined for orthogonal 
expansions with respect to just like the case of /i-harmonics on the sphere. 

Our result shows that they converge almost everywhere on B d [5 > A K + /z for the 
Cesaro (C, S) means). For d = 1 and h K (x) = 1, the expansions with respect to 
become the expansions in the Gegenbauer polynomials. 

4. Maximal function and almost everywhere convergence on T d 

Recall the weight function Wj u(x) defined in (|1.5(1 . in which h K is a reflection 
invariant weight function defined on R d and h K is even in each of its variables. 
The latter condition means that the group 67, under which h K is invariant, has 
the abilian group Z 2 as a subgroup. The definition of L^W^), 1 < p < CO, IS 
similar to the case of . Similarly, the notions such as the space of orthogonal 
polynomials V d (W£ ) and the reproducing kernel f n (W^„; x, y) are defined as in 
the case of Wjf „ . 

Elements of V^(W^„) are closely related to the polynomials in Vin^Wn,^)- Let 
us denote by ip the mapping 

i>:{x l7 ...,x d )eT d ^(x 2 ,...,x 2 )eB d 

and define (/ o tp)(xi, . . . , x d ) = f{x\, . . . , x d ). Then 

(4.1) P 2n {x) = (R n oip)(x), xeB d , 

is a one-to-one mapping between R n e V^(Wj„) and P 2 n € V d n {W^; Z 2 ), the 
subspace of polynomials in V^rSW^u) that are even in each of its variables (in- 
variant under Z 2 ). This relation implies, in particular, that the reproducing kernel 
P n (WZ tM ;x,y) of V*(W£„) satisfies (ESI) 

(4.2) P n (W^;x,y) = ± £ P 2n (w^; x x '\ ey" 2 ) , 

where x x l 2 = (y/xi, . . . , y/xXj and eu = (e\Ui, . . . e d u d ). Using the fact that 
2n + A 



A 



-cL(t) =pi A - 1/2 - 1/2) (i)^ A - 1/2 ^ 1/2) (2i 2 - 1), 



where pi"'' 3 '* denotes the orthonormal Jacobi polynomial of degree n, it follows from 
(|2~2"|) and g2) that 

P„(^;x,y)=p^-''-' ) (l) 

x ^ E ^ I [^ +AI ^'^ ) (2(,eF 1 / 2)2 _ 1)](jr i/ 9)) 

where X 1 / 2 = {y/xl, y/xa, y/l - \x\) and eY 1 / 2 (s ly /xi, e d ^fx~ d , y/1 - \x\). 
This formula suggests the following definition of a useful operator, V^„, acting on 
functions of d + 1 variables, 

(4.3) y K T ^(x,x d+1 ) = l£ ^^(£0;,^+!). 

We use this operator to define a convolution operator on T d : 
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Definition 4.1. For f 6 ^{W^S) and g € L 1 {w\+^,\ [—1, we define 

(f *L 9)(x) = ( J{y)VZ, [g (2(X 1 / 2 , -> 2 - l)] (Y^W^dy, 



where X 1 / 2 = (y¥[, . . . , y/xj, y/l - 

Recall that \x\ = x\ + . . . + Xd- Evidently, / *^ g is related to the convolution 
structure 3 on In fact, we have the following: 

Proposition 4.2. For f e ^(W^) and g € L 1 (u;a+„; [-1, 1]), 

((/ *L 9) o ^) (*) = ((/ o V) *£ M 3(2{-} 2 - 1)) (*). 
Proof. Using the elementary integral 

(4.4) / f(x 2 1 ,...,x 2 d )dx = [ f(x u ...,x d ) ' Ll 



•f \ X ' I 11/ I ■/ \ * J J I 

B d JT d \fX\---Xd 

it is easy to see that / e L (W^„) implies / o ip £ L (W^). Furthermore, the 
equation l|4.4|l implies that 

■••■^) = ^ / (/ ° VOM^C [.<? (2(A-, -) 2 - 1)] (F)^(y)^ 

= / (/ ° V0(y)4 E C b ( 2 (^ -> 2 - !)] 

where eF = (eiyi, . . . SdVdj 1 ~ \y\)- Since W^„(j/) is even in each of its variables, 
changing variables yi i— > e^y, shows that the summation can be removed from the 
above formula. □ 

Next we define the generalized translation operator associated with on the 
simplex. It is again defined implicitly. 

Definition 4.3. For f E L 1 (I / l / J A1 ), the generalized translation operator Tg(W^ /) 
is defined implicitly by 

(4.5) c x+ J To(W^;f,x)g(co S 29)( S m8) 2X + 2 »d8 = (f^ ig )(x), 

Jo 

where X = X K , for every g S L l (w\+^). 

The following proposition shows that the generalized translation operator on T d 
is closely related to the one on B d , and it also shows that the operator Tg(W£ -, f) 
is well-defined. 

Proposition 4.4. For each x G T d , the operator Tg(W^ f,x) is a uniquely de- 
termined L°° function in 8. Furthermore, 

(4.6) (Te(W^;f)oip)(x)=Tg(W* fl ;forp,x), xeT d . 
Proof. From the previous proposition, we get 

((/ o fl>) g(2{-} 2 - 1)) (x) = (f g)(x 2 ,..., x 2 ) 

= c A+p / TeiW* - f 7 x 2 , . . . ,x 2 )g(cos28)( S m8) 2X+2 »d8. 
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Since cos 29 = 2 cos 2 9 — 1, it follows that 

(Cf°^) *?,„$) = / T e (W^f,xf,...,x 2 d )g( C os6)( S mef x+2 »d6. 



Comparing with the definition of T$(W£ f) in Q3.4)) . the equation (|4.6|) follows. 
This also shows that Tg(W^„; /) is uniquely defined. □ 

We use the generalized translation operator to define the maximal function as- 
sociated to W^. 

Definition 4.5. For / £ ^(W^), the maximal function f is defined by 

kaT tl > Jo^(^;|/U)(sin0) 2 ^+ 2 ^0 

Mi ,,j(x) = sup — jp . 

,M o<e<,r /'(sin^) 2 ^ 2 ^ 

This maximal function is closely related to the maximal function on B d defined 
in Definition ESI Recall that Y 1 / 2 = (*fyi, y/yg, y/1 - \y\) for y E T d . 

Proposition 4.6. For f S L^W^), 

(4-7) 

Furthermore, define a subset of B d+1 , 

e + (x,6)={(y,y d+1 ) : {x 1 ' 2 ^) + y/l - \x\y d+1 > cos0, Vl >0, l<i<d+l}, 
then an alternative formula for -M^„/ is 

T It* \f{yWZ, [XeH**)] (Y^ 2 )W^(y)dy 

™P W J Td V t^ [ Xe+{xfi) ] (Yi/ 2 )WZJy)dy 

forxe T d . 

Proof. The equation (|4.7|) is a simple consequence of l|4.ti[) . Recall the definition of 
e(x, 9) in the Proposition 13. 71 In order to prove the alternative formula for M%„f, 
it is sufficient to establish that 

[Xew] (Y)W*Jy)dy 

B d 



^{yWlJxe+^^W^Wl^dy, 

where Y = (y, \Jl — \\y\\ 2 ) and x 2 = ip(x) = (a; 2 , . . . , a; 2 ). We first notice that it is 
easy to see 

e{x,6) = (J e+(ex 2 ,9) 

= [J{(y, Vd+i) ■ {ex, y) + V 1 - \\x\\ 2 yd+i > cos 9, y t > 0, 1 < i < d + 1}, 

and the intersection of two sets e + (ex 2 , ff) and e + (e'x 2 , 9), where e ^ e' , has measure 
zero. In particular, this implies that 
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for almost all u. Recall that V K is associated with the group G which has Zjf as a 
subgroup and that V K satisfies R(a)V K — V K R(a), where R(a)f(x) := f(ax), for 
every a £ G, which holds, in particular, for a = e £ Zf. Hence, using (|3.2f> . we see 
that, 

(4-8) [xe+(sx2,e)] (y,Vd+i) = [xe+(x^9)] (ey,yd+i)- 

Consequently, we get 

Kfo^mV^ [Xe( x ,e)] (Y)W^(y)dy 



B'l 



B'l 



\{fo^){y)K, 



E Xe+(sx*,e){Y) 



W*Jy)dy 



B'l 



\(f°4>)(y)\ E K» [Xe+^,o)} (eY)W^(y)dy, 



where eY = (ey, yl — ||?/|| 2 ). The sum in the last integral is even in each of its 
variables, which allows us to use l|4.4|l to get that the above integral is equal to 



l(/°V0(l/)| E \xe + (^,o)( £Yl/2 )\ Wl^dy, 



from which the desired result follows from the definition of in 1)4. 3|) . 



□ 



Theorem 4.7. Let a > and f £ L 1 {W^ 41 ). Define c T {a) = {x £ T d : M T K4l f{x) 
> cr}. Then there is a function which is positive on ct(o~) such that 

Xe T (a)(x)w a (x) < C . 

T d ^ Xi ■ ■ ■ X d {l ~ \X\) CT 

Proof. Let c B (a) = {x £ B d : M^(f o ^){x) > a}. Using {M T K J) o </> = 
- A/J f, M (/°V'), we see that x c T( CT) (a; 2 ) = X c B ((T) (a;). Define iuf =iwJo^. Using JO), 
we get 



Xc T (a)(x)^(x) ^ ===== = 



Xc T((J )(a; )w CT (a; ) 



dx 



f/j; 



s d V 1 — ll^ll 

\\f ^\\wg u ,i ll/llwj u ,i 
< c = c 



where we have used the inequality in Theorem 13. 81 



□ 



Again, the weak type inequality of the maximal function M% „f can be used 
to prove almost everywhere convergence. In particular, an analog of Corollary 12. 51 
holds for 

T( . = Jr. myZ. fej (Y^)W^(y)dy 
U [X ' St* V£» [Xe+(x, e) ] (Y^)WTJy)dy ' 
that is, fj{x) converges almost everywhere to f(x) on T d as 9 — > for all / € 
Indeed, the proof of Proposition 14.61 shows that fJoip = (/ o , so 
that the result follows from the almost everywhere convergence of ff f on B d . 



20 



YUAN XU 



We denote also by proj£ ,A1 : L 2 (W^J h-> V^(Wj„) the orthogonal projection 
operator. For / g L 2 (W^^), it can be written as an integral 

proft" /(*) - a K , M / /(^(W^ja, iOW^fo)^, 

using the reproducing kernel of V d {Wj S) given in l|4.2[) . Using the operator , 
the reproducing kernel can be written as 

P n {Wl^x,y)=p^-^\l)V^[p^ (X^l 

where X 1 / 2 = (-y/xi, . . . , yfxl, y/l — \x\). The summation method of the orthogonal 
expansions with respect to can be written in the form of 

Q?f{x) = {f+Z tll q r ){x), xeT d , 
where q r (t) has an expansion in terms of the Jacobi polynomials 

oo 

grit) = J2a j (r)p^-^\l)p^-^{t). 

The almost everywhere convergence of Q^f(x) can be proved with the help of 
M-^ uf(x), just as in the case of summability on the sphere. 

Let us point, however, that Q J r f(x) is not directly related to Q^f(x), since 
the kernel of Qj f is expanded into the Jacobi series, while the kernel of Q~ f 
is expanded into the Gegenbauer series. The quadratic transformation between 

-1/2)^2 and doef , nQt 

preserve the summability. Consequently, 
the convergence of Q J r f(x) will not follow as a consequence of the convergence of 
Qf. In fact, this is precisely the reason why we have taken the steps to define 
Tg(W£ tl ; f). Since we have developed all necessary intermediate steps, an analog 
of Theorem 12.61 can be proved. 

Theorem 4.8. Assume that \q r (cosO)\ < m r {9) for some nonnegative differ entiable 
function m r on [0, 7r] and m r satisfies 

(1) m' r {6) <0for0<9<n, 

(2) supc A+A1 / m r (9)(sm9) 2X+2 ^d9 < oo. 

r Jo 

Then for f G L\W^) and all x € B d , 

SM V \Q T r f(x)\<cM T K J(x). 

r 

In particular, £ff f(x) converges to f(x) £ L^W^) for almost every x £ B d . 
Proof. First we note that changing the variable 9 i— > 7r — 9 in the (|4.5() shows that 
(4-9) T„-g(W£ tfl ; /, x) = T e (W^-J,x) 

since Tg(W^ ■ f,x) is uniquely determined. By the definition of Qj f and 14.5( 1. 



f(x) = c x+tl / T*(W£„; f, x) 5l .(cos2</>)(sin0) 2A + 2 ^ 
Jo 

= c ^+^2j T H2( W KyJ^ x )9r(cos(/)) ( sin - j d<j>. 
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Split the integral over [0, 2tt] into two integrals, one over [0, ir] and the other over 
[w, 2ir}. Changing the variable <fi i— > 2ir — <fr in the second integral and using (|4.9(l 
shows that the integral over [7r, 2tt] is equal to the one over [0, 7r]. Consequently, we 
get 

Qrfi x ) = c *+n J T ^/2(WZ. M ; f,x)g r (cos (f>) [sin- J d(j>. 
Let us define 

A(d,x) = J ^ /2 (W^;|/|,x)U n |J 
It follows from the definition of Mj ^f(x) (changing variable </> i— > 0/2) that 

2A+2/i 

A(M) <M?J(x) " 



sin — 

2 

We can now follow the proof of Theorem 12 . 61 almost literally to finish the proof. □ 

Let us point out that for d = 1 and h K (x) — \x\ K (the group G = Z2), the 
weight function Wj^ becomes the Jacobi weight function t K ~ 1 ' 2 (l — t)^ 1 / 2 on 
[0,1]. Hence, our result provides a way to prove results on almost everywhere 
convergence of the Jacobi series. 

We can apply Theorem l4.8l to various summation methods. For example, we can 
consider the Poisson sum (integral) 



Pj{f;x) :=J2r n P n (W^;f) = (/ *£ p P(r ■;{■})) (x), x € T d , 

n=0 

asr« 1—, where the Poisson kernel P(r; t) of the Jacobi series 

00 



has an explicit representation in terms of the hypergeometric function ((3J p. 102, 
Ex. 19] and use PS Vol. 1, p. 64, 2.1.4(23)]) 

(l-r)(l + r) A +'< /MH, a +^ 1 2r(l + t) 



Pfnt) = — — — 1 — 9F1 2 ' 2 

l ' j (1 -2rt + r 2 ) A +^+ l2 1 v I '(1 + 

This kernel is known to be positive. 
Proposition 4.9. For f e L X {W^), 

lira Pj{f;x) = fix) a.e. on T d . 

r— >1— 

Proof. We apply the theorem with 

(1 - r 2 ) 

P(r; cos (9) < c- v := m r (9), 

v (l~2rcos9 + r 2 ) x +^+ 1 w ' 

where the inequality follows from the explicit formula of P(r; t). It is easy to verify 
that m r satisfies the conditions required in the theorem. □ 
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The Cesaro means for the orthogonal expansion on T d are defined just as the 
means on B d . We have the similar result that states: for / 6 L (W^„) and 
6 > A« + n, the Cesaro (C, S) means S*(W^„;/, at) converge almost everywhere to 
f(x) on T d . 

The de la Vallee Poussin mean, M^(f,x), on the simplex is defined by 

n 
fe=0 

where Mfcnf* * s as §i ven m P-14[l . Just as in the case of Proposition ^. 81 our result 
shows the following: 

Proposition 4.10. For f G ^(Wj^), the de la Vallee Poussin means satisfy 
lim M„(Wf ; /, x) =f(x), a.e. on T d . 

We state the result for these means since they have an interesting connection 
in the case of the classical weight function l|1.7|) on the simplex. In terms of the 
Bernstein basis 



B a (x):=()x a (l-\x\) n -M, aeN d , \a\ = n, 

on the simplex, the de la Vallee Poussin means with respect to the weight function 
(|1.7|> can be expressed as 

S Td f(y)B a {y)Wl IM d y 
J Td B a (y)WT dy 



and they are known as the Bernstein-Durrmeyer operators. These operators were 
studied by several authors (see, for example, [3 El); m the case of d = 1, 
the Jacobi series, they were studied in As far as we know, Proposition ^. 101 

appears to be new even for d = 1. 

Acknowledgement. The author thanks a referee for his careful review that pin- 
pointed a sticky point in the manuscript; understanding the point led to the weak 
type inequality in its present form. 
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